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ABSTRACT

The binary quadratic equation represented by the positive Pelliany? = 12x2 + 161is
analyzed for its distinct integer solutions. A few interesting relations among the solutions are
given. Further, employing the solutions of the above hyperbola, we have obtained solutions of
other choices of hyperbola, parabolas and special Pythagorean triangle.
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INTRODUCTION
The binary quadratic equation of the form y? = Dx? + 1, where D is a non - square positive

integer has been studied by various mathematicians for its non-trivial integral solutions when D
takes different integral values [1-4]. For an extensive review of various problems, one may refer
[5-20]. In this communication, yet another interesting hyperbola given by y? = 12x2 +
16 considered and infinitely many integer solutions are obtained. A few interesting properties
among the solutions are presented.

METHOD OF ANALYSIS

The Diophantine equation representing the binary quadratic equation to be solved for its non-zero
distinct integral solution is

y? =12x?+16 (1.1)
whose smallest positive integer solution is
Xo=2,y =8
To obtain the other solutions of (1.1), consider the Pell equation
y2=12x?+1
whose smallest positive integer solution is (x5,5,) = (2,7)

The general solution of (1.2) is given by

—_~

=L ~—lf
n_zmgn,yn_z n,
where

fo = (7 4+ 2V12)"1 4 (7 — 2v/12)"
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Gn = (7 + 2J12)"*1 — (7 — 2/12)"H1

Applying Brahmagupta lemma between (%5,y, ) and (¥,,,v, ), the other integer solutions of (1.1)
are given by,

\/§Xn+1 = \/§fn + Zgn
\/gyn+1 = 4\/§fn + 6gn
The recurrence relations satisfied by x and y are given by

Xn+1 = 14Xp42 + Xp43 =0

Vn+1 — 14'yn+2 + Yn+3 = 0

Some numerical examples of x and y satisfying (1.1) are given in the following table below:

Table 1
n Xn+1 Yn+1
0 2 8
1 30 104
2 418 1448
3 9854 36296
4 59378 215768

From the above table, we observe some interesting relations among the solutions which are
presented below:

» Both x, &y, values are even
» Each of the following expressions is a nasty number
“* (Bxonyz — 39542 + 12)
% (344 — 5432042 + 168)
* (6Yan+2 — 18xpp4 +12)
% = (414242 — 6Yzn43 + 204)

o 1
o E(S778X2n+2 — 6y2n+4 + 2868)

x4 (39x2n+4 — 543.X'2n+3 + 12)

L1
* 2 (78Y2n42 — 183,13 + 84)

., 1

** 5(41436'271_'_3 - 78y2n+3 + 4308)

O 1
% 535 (5778%x2543 — 78Y2p44 + 60396)
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X/ X/ X/ X/
°e °e °e °e

>

X/
*

L)

L)

i(1086y2n+2 — 18xy,,4 + 1164)
m (414x3,44 — 10865, 3 + 60108)
rozzs (3778%ons4 = 10863204 + 842676)

% (963y2142 — 3Y2n+4 + 3360)

5 (69Y2n4+2 = 3Y2n+3 + 240)
1
70 (963Y2n43 — 692514 + 240)

» Each of the following expressions is a cubical integer
o 1
» 2 [3%42 = 39%41 + X3p44 — 13X3043]

X/
X4

L)

X/
X4

L)

X/
°

1
28 [3%n43 — 543X 41 + X3n45 — 181x3,43]

3;3’n+1 — 9%n41 + V3ant3 — 3X3,43
7 [207x011 = 3Yn42 + 69X3013 — V344l

5[2889xn+1 3Yn+3 +963%X3043 — V3p45]

2 2 [39%,43 — 543%y47 + 13%3,45 — 181x3,44]

E [39}’n+1 —9%n42 + 13Y3n43 — 3x3p44]

E [207%n42 = 39Vn42 + 69%3n44 — 13Y3344]
ﬁ [2889xy, 12 — 39Yn43 + 963X3,14 — 13Y3,45]
pe [5433’n+1 — 9%xn43 + 181y3,43 — 3x3p45]
——[207%,43 — 543Yp42 + 69X3,45 — 181Y3,44]

[2889xn+3 54'3yn+3 +963x3,45 — 181y3n+5]

5099

70223
560 [9633’n+1 3Yn+3 + 3213043 — Van45]

70 [693’n+1 — 3Ynt2 + 233043 — Van 44l
1
n [963yy42 — 69y, 43 + 321y314 — 23Y3545]

» Each of the following expressions is a biquadratic number

1

> [Xan+s = 13Xan 14 + 4Xop 13 — 52X5n 42 + 12]

1

o5 [Xan+e = 181x4p44 + 4%z 14 — 7245547 + 168]

Ji4n+4 — 3X4n4a + AYon42 — 12x2,47 + 6]
= [69x4n+4 — Vants T 276X2,42 — 4Yp 43 + 102]

—-[963X 414 — Van+6 + 3852%z012 — 4¥2y 44 + 1434]
[13%4n46 — 181x4n15 + 52X2n14 — 724%2n43 + 12]
~[13Y4n 44 = 3Xanys + 522012 — 12X2n43 + 42]

3— [69%X4n 45 — 13Yan4s5 + 276X0n 43 — 52Y2p43 + 2154]

5053 ——[963x4n45 — 13Yant6 + 3852x2n43 — 52¥2n44 +30198]
; [181Y4n 14 — 3X4nse T 724Y2n42 — 12%x3514 + 582]
——[69%4n 46 — 181Yant5 + 276X2n 44 — 724Y2n43 + 30054]

2
1
7

1
5009
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1
70223 [963x4n+6 - 181:)74n+6 + 3852%2n+4 - 724‘3’2n+4 + 421338]

1
% [321y4n+4 — Yan+6 + 1284’:)72n+2 - 4‘yZn+4 + 3360]

1

20 [23Van+4 = Yan+s + 92Yan 12 — 4Vanss + 240]

1

20 132 an+5 = 23Yan46 + 1284y5513 — 92Y5544 + 240]
Some relations satisfied by the solutions are follows

X/
°e

X/
°e

X/
°e

X/
°e

>

X/
*

781x,,, —10879x,,1 —4x,,3 =0
7Xn42 = 97%Xp41 — 2Yn41 =0
121x,,, — 1711x,,41 — 2y,42 =0
1687x,, 1, —23557x,41 — 2Y,43 =0
Xn+3 T X1 — 142,42 = 0

50092, 41 — 17%, 13 — 28Y,47 = 0
70223%,.1 — 239%,,3 — 28y,45 = 0
2Yn41 + 7Xn11 — Xpy2 =0

28yn 11— 97Xp41 — X3 =0
359%n 41 = 2Yn42 = 17Xp4 =0
120xp41 = Yn+2 = 17yp41 =0
239yn12 —120xp41 = 17yp43 =0
50332%,41 — 2Y,13 — 239%,4, = 0
1680x,41 = Ynt3 = 239%p41 =0
7Xn43 = 97Xp42 — 2Yn41 =0
5009x,,, —359x,,,3 —2Y,42, =0
70223%,47 — 5033%,43 — 2Y,43 = 0
120x,42 — 359yn+1 ~7Yn42 =10
1680xy1; —5033yn11 — 7yn43 =0
5033y,., — 120%,4, — 359x,,3 = 0
120xn43 = 5009y 41 = 9742 = 0
1680%,,,5 — 70223y, 411 — 97y,43 = 0
70223y, 4, — 120x,,3 — 5009y, .5 = 0

Yn+1 + Yn+3 — 14’Yn+2 =0

28Yy1+1 = Ynt2 — 60x,44 =0
433Y,41 — 16¥n12 — 602,45 = 0

6034y, 11 — 223,45 — 6043 = 0
12479y,41 — 403y, — 40y, 43 = 0

L)

X/
X4

L)

X/
X4

L)

X/
X4

L)

X/
X4

L)

X/
X4

L)

X/
X4

L)

X/
X4

L)

X/
X4

L)

X/
X4

L)

7/
X4

L)

7/
X4

L)

7/
X4

L)

7/
X4

L)

7/
X4

L)

7/
X4

L)

3

0

3

0

3

0

3

0

3

0

3

0

5

S

5

S

5

S

5

S

5

S

5

S

3.Remarkable observations:

3.1:Employing linear combinations among the solutions of (1.1),one may generate integer
solutions for other choices of hyperbola which are presented in the table 2 below:

Table 2
S.No Hyperbola Y, X)
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10.

11.

12.

13.

14.

Y2 —12X% = 37632

Y2 —12X%2 =48

Y2 —12X% = 13872

Y2 —12X% = 2741808

Y2 —12X%? =192

Y% —12X% = 2352

Y2 —12X? = 6186288

Y2 —12X? = 1215892272
Y2 —12X? = 451632

Y2 —12X% = 1204323888
Y% —12X% = 236700946992
Y% —12X? = 15052800

Y% —12X% = 76800

(627xn+1 - 3xn+3an+3 - 181xn+1)

(12xn+1 - 3yn+1Jyn+1 - 3xn+1)
(BYn+2 — 156X, 41,6911 — Yn42)
(3yn+3 - 2172xn+11 963xn1 - yn+3)

(627Xn+2 - 4‘5xn+3, 13xn+3 - 181xn+2)

(12xn+2 - 4'5yn+1l 13yn41 — 3xn+2)
(45yn+2 - 156xn+2: 69xp 42 — 13yn+2)

(45y,43 — 2172242, 963%,42

- 13yn+2)
(12xn+3 — 627Y,41,181y;,41 — 3xn+3)

(627Yn+2 — 156%;,43,69%,43

—181y,.5)
(627Yn+3 - 2172xn+3,963xn+3

— 181y, .42)
(4Yn+3 - 724yn+1r321yn+1 - yn+3)

(Yn+2 - 13yn+1'23yn+1 - yn+2)

15.

Y% —12X% = 76800

(52yn+3 - 724yn+2' 321yn+2 - 23yn+3)

3.2: Employing linear combinations among the solutions of (1.1), one may generate integer
solutions for other choices of parabola which are presented in the table 3 below:

Y2 =24X —96

Y? = 336X — 18816
Y2 =12X — 24

Y2 = 204X — 6936

Y? = 2868X — 1370904

Table 3

Parabola

(Y.X)

(ant3 = 13%2n42, 3%n 42 — 45%,41)
(X2n44 — 18122542, 627211 — 3%543)
(Van+2 = 3%2n42, 12%0 41 — 3Vn11)
(692042 — Y2n+3, 3Vn+2 — 1562,41)

(963%3142 — Yon+4,3Yn43 — 2172x,41)
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12.

13.

14.

15.
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YZ

YZ

YZ

= 24X — 96 (13x5,44 — 181x5,,3,627x, 7 — 45x,43)

= 84X — 1176 (13y2n42 — 3%2n43, 12%42 — 45V 1)

— 4308X — 3093144 (69%2,15 — 13Y2m 43, 45y, 19 — 156%,,12)

— 60396X — 607946136 (963%p, 3 — 1331, 459,05 — 2172, )

— 1164X — 225816 (181Y347 — 3%g240 12X, 05 — 627Y11)

— 60108X — 602161944 (69%314 — 1813345, 6277, 15 — 1562, ,3)

— 842676X — 118350473496  (963%y,14 — 181,14, 627V, 43 — 2172, 13)
— 6720X — 7526400 (3219349 — Vonsas 4Ynas — 724y, 1)

= 480X — 38400 (23Y2n42 = Y2n+3 Ynt+2 — 13Yn41)

= 480X — 38400 (321Y9n43 — 23Yon 44, 52Yn43 — 724Yn12)

3.3: Consider p = x,41 + Yn+1,9 = X,4+1. Notethatp >q > 0. Treat p,q as the generators of
the Pythagorean triangle T(X,Y, Z) where X = 2pq,Y = p? — q*,Z = p* + ¢*

Then the following results are obtained:
Q) X—6Y+5Z=-16

b) % = Xn+1Yn+1

C) 3(Z —Y) isa nasty number

d) 3(x - %) is a nasty number

e) X - % + Yis written as the sum of two squares.
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